Abstract. Amicable pairs for a fixed elliptic curve defined over Q were first considered by Silverman and Stange where they conjectured an order of magnitude for the function that counts such amicable pairs. The author previously proved an unconditional upper bound for the average number of amicable pairs over the family of all elliptic curves. In this paper we extend this result to an unconditional asymptotic for the average number of amicable pairs for a family of elliptic curves.
Introduction
Let E be an elliptic curve defined over Q. For a prime p, let a p (E) denote the trace of the Frobenius automorphism. Silverman and Stange [SiSt] defined a pair (p, q) of prime numbers with p < q to be an amicable pair of E if E has good reduction at both p and q and #E p (F p ) := p + 1 − a p (E p ) = q and #E q (F q ) = p.
(1.1)
As observed in [SiSt, Remark 1.5 ] amicable pairs arose naturally when Silverman and Stange generalized Smyth's [Smy] results on index divisibility of Lucas sequences to elliptic divisibility sequences. We are interested in the distribution of amicable pairs for a fixed elliptic curve E/Q. We first define the amicable pair counting function, originally considered by Silverman and Stange [SiSt] , π E,2 (X) := #{p ≤ X|#E p (F p ) = q is prime and #E q (F q ) = p}.
They used a heuristic argument to give the following conjecture for the behavior of π E,2 (X).
Conjecture 1.1 (Silverman-Stange) . Let E/Q be an elliptic curve. Assume that there are infinitely many primes p such that #E p (F p ) is prime. Then as X → ∞ we have that π E,2 (X) ≍ √ X (log X) 2 if E does not have complex multiplication (CM) and π E,2 (X) ∼ A E X (log X) 2 if E has CM, where the implied constants in ≍ are both positive and depend only on E and A E is a precise positive constant. [SiSt] also defined an L-tuple (p 1 , . . . , p L ) of distinct prime numbers to be an aliquot cycle of length L ≥ 2 of E if E has good reduction at each prime p i and #E p i (F p i ) = p i+1 for 1 ≤ i ≤ L − 1 and #E p L (F p L ) = p 1 . They also introduced the analogously defined aliquot cycle counting function π E,L (X), and gave a conjecture for its behavior in the non-CM case. The main focus of their work was on aliquot cycles in the CM-case, where they proved that there are only finitely many under certain conditions when L ≥ 3.
Jones [Jon] refined Conjecture 1.1 in the non-CM case for aliquot cycles by using a heuristic argument similar to that of Lang and Trotter [LaTr] . We state the refined conjecture in the particular case of amicable pairs below. Conjecture 1.3 (Jones) . Let E/Q be an elliptic curve without complex multiplication. Then there is a non-negative real constant C E,2 ≥ 0 such that, as X → ∞, we have that π E,2 (X) ∼ C E,2 X 2 1 2 √ t(log t) 2 dt.
We note that the conjectured asymptotic is consistent with Conjecture 1.1. Moreover, Jones gave an explicit expression for the constant C E,2 in terms of invariants of the elliptic curve. We discuss this constant in greater detail below.
For a non-zero integer n, we denote the n-torsion subgroup of E by E[n]. Let Q(E[n]) be the field generated by adjoining to Q the x and y-coordinates of the n-torsion points of E. We have that E[n] ∼ = Z/nZ × Z/nZ for n ≥ 2. Since each element of the Galois group Gal(Q/Q) acts on E[n] we have that Gal(Q(E[n])/Q) ⊆ GL 2 (Z/nZ) (see [Sil, Chapter III.7] ).
If [GL 2 (Z/nZ) : Gal(Q(E[n])/Q)] ≤ 2 for each n ≥ 1 then E is called a Serre curve (see [Ser, and [LaTr, p. 51] ). Jones [Jon] has shown that for any Serre curve E the conjectural constant C E,2 is positive and C E,2 = C 2 · f 2 (∆ sf (E)), where ∆ sf (E) denotes the square-free part of the discriminant of any Weierstrass model of E and f 2 is a positive function which approaches 1 as ∆ sf (E) → ∞. In particular, Jones [Jon] gave the formula C 2 = 8 3π 2 ℓ prime ℓ 2 (ℓ 4 − 2ℓ 3 − 2ℓ 2 + 3ℓ + 3) ((ℓ 2 − 1)(ℓ − 1)) 2 .
At present, Conjecture 1.3 is a completely open problem and there are currently no techniques known to adequately deal with conjectures of this type. A much more tractable problem is to consider the behavior of π E,2 (X) averaged over some family of elliptic curves. Let a and b be integers and let E a,b be the elliptic curve given by the Weierstrass equation
with the discriminant ∆(E a,b ) = 0. For A, B > 0 we consider the two parameter family of elliptic curves as
(1.2) Conjecture 1.3 was considered on average in [Par] over the family C(A, B) in (1.2) where the conjectured upper bound for the average number of aliquot cycles over the family C(A, B) with small bounds on the size of A and B was obtained (cf. [Par, Theorem 1.6] ). In this paper we extend this result to an asymptotic in the particular case of amicable pairs. Our main result is the following theorem. Theorem 1.4. Let ǫ > 0, let E/Q be an elliptic curve and let C be the family of elliptic curves in (1.2) with A, B > X ǫ and X 3 (log X) 6 < AB < e
Then we have that
Remark 1.5. Note that in Theorem 1.4 we have that C 2 (p) ≍ 1, which then implies that
This gives an unconditional proof of Conjecture 1.1 on average over the family C(A, B) in (1.2) in the amicable pairs case.
The main result of this paper, Theorem 1.4, significantly improves [Par, Theorem 3 .1] in the case of amicable pairs, that is, when L = 2 from an unconditional upper bound to an unconditional asymptotic result on average. The main tools used in this improvement are Lemma 2.2 (cf. [Kou, Theorem 1.1] ) and by following the approaches of [DaSm1, Theorem 7] and [CDKS, Proposition 5 .1]. However, it does not appear that the current techniques will be able to establish an asymptotic result for aliquot cycles.
Many other problems related to distributions of invariants associated with the reductions of elliptic curves modulo primes have been considered on average. The most well known is the Lang-Trotter conjecture [LaTr] which counts the number of primes p ≤ X such that a p (E) = t for a fixed integer t. The Lang-Trotter conjecture was shown to hold on average in the case t = 0 for the family C(A, B) with A, B > X 1 2 +ǫ and AB > X 3 2 +ǫ by Fouvry and Murty [FoMu, Thoerem 6] , for some ǫ > 0. This result was extended by David and Pappalardi [DaPa] to hold for any nonzero integer t with A, B > X 1+ǫ and AB > X 3 2 +ǫ . Such average results can also be improved by obtaining smaller bounds on the size of A and B. Baier [Bai] showed that the Lang-Trotter conjecture holds on average for any fixed integer t with A, B > X ǫ and AB > X 3/2+ǫ . Recently, the following distribution question for invariants of elliptic curves over finite fields was considered. For an elliptic curve E/Q, David and Smith [DaSm1] , [DaSm2] considered the function M E (N) that counts the number of primes p such that #E p (F p ) = N, for a fixed integer N. They obtained the following conditional average result. +ǫ . Then for any odd integer N we have that
.
Many of the techniques used in the proof of Theorem 1.6 generalize to the proof of Theorem 1.4. As in the problem considered in [DaSm1] , we are considering a sum of primes q in the
However, in the amicable primes case we also have another sum over p ≤ X (cf. (2.5)). We exploit this fact to obtain an unconditional result in Theorem 1.4. We discuss the different techniques that are used with more details in the proof of Theorem 3.1 in Section 3.
In Section 4 we establish formula (1.3). The calculations involved are similar to those used to determine the formula for K(N), but more complicated. We require a generalization of [DaSm1, Lemma 11 ] to two variables in Lemma 4.2. We consider this lemma in Section 5. Remark 1.7. We remark that Martin, Pollack, and Smith [MPS] obtained an asymptotic result for K(p) by summing over primes p ≤ X. However, as (1.3) is a more complicated expression, it does not appear that their technique can be directly applied to C 2 (p) in Theorem 1.4, at present.
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Preliminaries
We begin by fixing our notation. Throughout this paper we use ℓ, p, and q to denote primes. For an elliptic curve E/Q, we define the upper and lower bounds from Hasse's Theorem (see [Sil, Chapter V, Theorem 1 .1]) as
Also, for a positive integer n, we let P + (n) denote its largest prime factor. We define ν ℓ (n) to be the non-negative integer α such that ℓ α n. Let m be a positive integer, then we define κ m (n) to be the multiplicative function defined on prime powers by
Throughout this paper we let χ d denote the quadratic Dirichlet character defined by the Kronecker symbol, namely,
We write
for Re(s) > 1, for its Dirichlet series. Then for y > 1 we define the truncated quadratic Dirichlet L-function as
We also make use of the notation
Lastly, for positive integers m, n we consider the function
which occurs frequently in our calculations. We require the following two technical results in the proofs of Theorem 1.4 and Proposition 3.2. The first proposition is a consequence of a result of Granville and Soundararajan [GrSo] which is essentially due to Elliot [Ell] . It allows us to bound the error terms in our calculations in Proposition 3.2.
Proposition 2.1 (Granville-Soundararajan). Let α ≥ 1 and Q ≥ 3. There is a set
Proof. The result is stated in terms of primitive characters in [GrSo, Proposition 2.2] . The proof of the proposition in its present form is given in [CDKS, Lemma 3.2] .
The second result we require is the following version of the Bombieri-Vinogradov theorem for primes in short arithmetic progressions.
Lemma 2.2 (Koukoulopoulos). Let ǫ > 0 and let
Proof. This result is a consequence of [Kou, Theorem 1.1] .
We now state the analytic class number formula for quadratic Dirichlet L-functions (see Davenport [Dav, Chapter 6] ). Theorem 2.3. Let D = df 2 be a negative number such that d is a negative fundamental discriminant and let χ D be the Kronecker symbol. Then
where h(d) denotes the usual class number of the imaginary quadratic order of discriminant d and w(d) is the number of roots of unity in Q( √ d).
We recall the following formulation of the definition of the Hurwitz-Kronecker class number (see Lenstra [Len] ). Let D be a negative (not necessarily fundamental) discriminant. Then the Hurwitz-Kronecker class number of discriminant D is defined by
where w(D) is the number of roots of unity contained in Q( √ D). This formulation leads to the following useful result of Deuring [Deu] .
Theorem 2.4 (Deuring) . Let p > 3 be a prime and let t be an integer such that t 2 −4p < 0. Then
whereĒ denotes a representative of an isomorphism class of E/F p .
The following result [Par, Theorem 3 .1] allows us to interpret the average number of amicable pairs in terms of a sum of Hurwitz-Kronecker class numbers.
Theorem 2.5. Let ǫ > 0, let E/Q be an elliptic curve and let C be the family of elliptic curves in (1.2) with A, B > X ǫ and X 3 (log X) 6 < AB < e
Then as X → ∞ we have that
The sum
) was considered by David and Smith [DaSm1, Theorem 3 .1], which is similar to the inner sum in (2.5). Our consideration of this sum follows their approach and as such, we make use of the following two lemmas.
Lemma 2.6 (David-Smith). Let f, m, n be positive integers. Then
Proof. The proof is given in [DaSm1, Lemma 12] .
Lemma 2.7 (David-Smith). Let p be a prime and let x be a positive real number then
Proof. The proof follows immediately from specializing to when N is a prime in the proof of [DaSm1, Lemma 8] .
Towards an asymptotic result for sums of class numbers
The goal of this section is to first determine an asymptotic result for the inner sum in (2.5) and then to give the proof of the main result, Theorem 1.4. We make use of the techniques used by David and Smith [DaSm1] and Chandee, David, Koukoulopoulos and Smith [CDKS] in their computation of the average number of elliptic curves over a finite field with a fixed cardinality N.
Theorem 3.1. Let γ > 0, let p, q be distinct primes, and let ǫ > 0. Define Y := √ p (log p) γ+4 , then we have that
where
Proof. We first consider the left hand side of (3.1) and divide the interval (p − , p + ) into intervals of length Y . We define the subintervals
where for each k ∈ I, we write
2 i for i = 1, 2 and define
Then from Theorem 2.3 we have that
We now focus on the inner sum of (3.2) and write
If q is a prime in the interval (
Hence, (3.2) becomes
By the convexity bound L(1, χ d i ) ≪ log |d i | ≪ log p for i = 1, 2 we have that the error term in (3.3) is bounded by
From (3.4) and (3.5) we have that (3.3) becomes
We set X := X k and consider the inner sum in the main term of (3.6),
We have the following technical result for the sum in (3.7). We delay the proof until the next section.
By Proposition 3.2 with ν = 4 + γ we have that (3.6) becomes
Since |D(p, X k )| ≪ p by (3.5) we have the result. Now we are ready to prove the main result of this paper.
Proof. (Proof of Theorem 1.4) We have that q = p + O( √ p). So we apply partial summation and the result from Theorem 3.1 in Theorem 2.5. Then the remainder of the proof is reduced to showing
We have that one of the inner sums in (3.8) is
Then the left hand side of (3.8) is bounded by
where the sum over n is now over all integers. We break up the sum into dyadic intervals which gives
by swapping the sums. Let
The result follows by applying Lemma 2.2 to (3.9) with B = 54+29γ and A = 111+56γ.
Proof of Proposition 3.2
In this section we give the proof of Proposition 3.2 stated in the previous section. We follow the approach of [DaSm1, Theorem 7] and [CDKS] . We determine the coefficient of the main term for S 1 in (3.7) as a function of p. However, we need to consider a sum of a product of quadratic Dirichlet L-functions evaluated at one, whereas in [DaSm1] they need only consider a single L-function. We remark that a slightly similar quantity was considered by Akbary, David, and Juricevic in [ADJ] , but over a much larger range of primes, so their techniques can not be applied in this case.
Proof. (Proof of Proposition 3.2) We begin by following as in the proof of [Par, Proposition 3.2] and [CDKS, Proposition 5 .1]. Recall from (3.7) that
For the duration of this section let z := log(4p) and let α be a parameter ≥ 10. Now let S ′ 1 denote the double sum on the right hand side of the above equation with L 1, , q) ) and hence the conductor of
This yields the estimate
and thus
, where ∆ ≡ D(p, q) ≡ 1 (mod 4). Let n = p + 1 − q, then for a fixed ∆ ∈ E α (4p) we need to determine the quantity , q) ), O K is its ring of integers, and N(·) is the norm of an element in K.
Note that
where (f * g)(n) denotes the Dirichlet convolution of two arithmetic functions f and g and N(I) denotes the norm of an ideal I ⊆ O K . Thus,
by the above equality. Hence, we conclude that
So there are at most 12 admissible pairs (m, n) and therefore there are at most 12 admissible values of q since p is fixed. Thus,
, by Proposition 2.1 since α ≥ 10.
We have that
Hence, from (4.1) we have that
(4.2) Let u ≥ 1 be a parameter to be determined later and for convenience let y := z 8α 2 . Note that
By Rankin's trick we have that
Then
and by (4.1) and (4.3) we have that in (4.2)
Let 1 ≤ V ≤ 2 √ X + Y be a parameter to be determined later. We write the main term in (4.4) as
From Lemma 2.6 and the bound on X + Y we have that
Hence, from (4.5) we have that
Therefore, we have from (4.6) that (4.4) becomes
Then by quadratic reciprocity we have that the main term in (4.7) becomes
). This implies that q | n 1 (p − 1). Similarly, if q | n 2 f 2 2 then q | n 2 (p − 1). Thus, the second sum in (4.8) is bounded by
] then we replace the first inner sum in (4.8) by
If we fix b ∈ (Z/LZ)
* there is at most one value of a i ∈ Z/4n i Z that satisfies the congruence
i ) for i = 1, 2. Hence, we have that
where the definition of E(X, Y ; q) is given in (2.3). From (4.8), (4.9) and (4.10) we have that (4.7) becomes
Let ℓ be a prime then by the Chinese remainder theorem we have that the inner sum in the main term of (4.11) becomes
and
Note that the set in the product of (4.12) is empty unless
Next we define the following two quantities for convenience.
(4.13) Then (4.12) becomes
A more general version of the sum C (ℓ) p (a, f, n) where p is any odd integer was first considered in [DaSm1] . Since we only consider when p is prime, we have the following special case of [DaSm1, Lemma 10] .
Lemma 4.1. Let p be an odd prime, let f be odd and let a ≡ 1 (mod 4). Let ℓ be any odd prime dividing nf , and let e = ν ℓ (4nf
If ℓ | 4p + af 2 , then, with s = ν ℓ (4p + af 2 ), we have
if 1 ≤ s < e, 2 | s, and
otherwise.
In particular, if ℓ | f , then
0 otherwise.
so the condition on the product in (4.14) is always satisfied. Thus, C
p (a, f, n) does not depend on the value of a, f or n. Now let a 1 , a 2 , f 1 , f 2 , n 1 , n 2 , f and n be integers and define
If we fix ℓ to be an odd prime then (4.14) becomes
p (a, f, n)) 
p (a, f, n) = 2K 2 (a, n). Thus, from (4.16) and (4.17) we have that the inner sum of the main term of (4.11) is
where we define
p (a, f, n)).
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Now define (4.20) then from (4.18) we can express the main term of (4.11) as
where we have the condition that the sums over f 1 , f 2 are coprime to p to restrict our sum to the cases where K(p, ℓ) = 0. Now, we consider the size of C p,f (n 1 , n 2 ) in the following lemma. We delay the proof until Section 5.
Lemma 4.2. Let p, f 1 , f 2 , and f be odd integers. Then the function C p,f (n 1 , n 2 ) is multiplicative in n 1 , n 2 . Let α 1 , α 2 be non-negative integers and let ℓ be an odd prime. Then
If ℓ = p and ℓ ∤ f 1 f 2 , then
Furthermore, for any n 1 , n 2 we have the bound
where κ 2p (m) is defined in (2.2) and K(p, ℓ) is defined in (4.20).
We want to extend the sums in (4.21) to sums over all integers. So we first focus on bounding the inner sum. We note that if ((n 1 , n 2 ), (f
Otherwise, there exists a prime ℓ such that ℓ | ((n 1 , n 2 ), (f
2 ) or ℓ ∤ (n 1 , n 2 ). In this case we have that
Hence, from Lemma 4.2 we have that
From (4.22) we have that (4.21) becomes
Now consider the sum of the inner sums in the error term of (4.23). Let d := (n 1 , n 2 ) and write
). Thus, breaking up the sum of the inner sums in the error term in (4.23) into sums over d gives P + (n 1 ),P + (n 2 )≤y n 1 ≤y u ,n 2 >y u + P + (n 1 ),P + (n 2 )≤y n 1 >y u ,n 2 ≤y u
(4.24)
From Lemma 2.7 and partial summation we have that (4.24) is bounded by
By Lemma 4.1 there exists an ǫ > 0 such that
where ω(n) denotes the number of prime divisors of n. Therefore, the error term in (4.23) is bounded by
From (4.25) we have that (4.21) becomes
(4.26)
Now, as in (4.23) we write (4.26) as
Following analogously to (4.24) we have that the sum of the inner sums in the error term in (4.27) is bounded by
Thus, from (4.25) and (4.28) we can write (4.27) as
Therefore, there exists an ǫ > 0 such that
(4.30)
Combining (4.29) and (4.30) with (4.11) gives and u := log 4p (log log 4p) 2 ,
We now show that the sums in the main term of (4.32) converge. Recall that L = 4[n 1 f 2 1 , n 2 f 2 2 ]. From the properties of the Euler ϕ-function we have that
To simplify our notation, we define the following multiplicative functions,
Hence, we rewrite the main term of (4.32) as R(p)Y where
(4.33)
2 ) = 1. We have that the functions of n 1 and n 2 are multiplicative, so the sum over n 1 , n 2 in (4.33) becomes
(4.34)
We now invoke Lemma 4.2 and consider each term in (4.34) separately. For the first term we have that g 2 (2 α i , f i ) = 1 2 2α i +1 for α i ≥ 0 and thus the first term in (4.34) becomes
For the second term we have that
and thus the second sum in (4.34) becomes
and thus the third sum in (4.34) becomes
and thus the last term in (4.34) becomes
From Lemma 4.2, we must consider two cases. The first case is if min{α 1 , α 2 } = 0, the second case is if min{α 1 , α 2 } > 0. In the first case, if
2 ). Thus, in this case (4.38) becomes
2 )). Hence, in this case (4.38) becomes
By combining (4.35), (4.36), (4.37) and (4.38) we have that the sum over n 1 , n 2 in (4.33) becomes 4 9 ϕ((f
where, for any odd prime ℓ, we make the definitions This product converges which completes the proof.
Proof of Lemma 4.2
We now provide the proof of Lemma 4.2 stated in the previous section. The function C p,f (n 1 , n 2 ) is very similar to the function C N,f (n) considered in [DaSm1, Lemma 11] and we will make frequent reference to their paper in the following proof. For the duration of this section let a 1 , a 2 , f 1 , f 2 , n 1 , n 2 be integers such that 2 ∤ f 1 f 2 and define L := 4[n 1 f 2 1 , n 2 f 2 2 ]. Proof. (Proof of Lemma 4.2) We first show that C p,f (n 1 , n 2 ) is multiplicative (in two variables). Let n 1 := n ′ 1 n ′′ 1 , n 2 := n ′ 2 n ′′ 2 . Recall the function C p,f (n 1 , n 2 ) is multiplicative if C p,f (n 1 , n 2 ) = C p,f (n We have that (5.3) differs only by the exponent on the Legendre symbol from the quantity C N,f (ℓ α ) considered in [DaSm1, Equation (38) ]. It follows that their method can be applied analogously to obtain the formula for C p,f (ℓ α 1 , ℓ α 2 ) in the case ℓ ∤ 2f 1 f 2 given in the statement of the lemma.
Thus, it remains to consider the case when ℓ | f 1 f 2 . We assumed that (a, f, n) = (a 1 , f 1 , ℓ α 1 ), and therefore in this case
a 1 ∈(Z/4ℓ α 1 Z) * a 1 ≡1 (mod 4) a 1 ℓ α 1 a 2 ∈(Z/4ℓ α 2 Z) * a 2 ≡1 (mod 4) a 1 f 2 1 ≡a 2 f 2 2 (mod ℓ 
